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Abstract

We describe a delay-based optical device for solving the the Satisfia-
bility problem.
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1 Introduction

Recently, an increased number of problems have been proposed to be solved
using optical computers. Hamiltonian path [1, 11, 14], Travelling Salesman [1,
3, 4], subset sum [1, 12, 13], exact cover [12], Diophantine equations [12], 3-SAT
[1, 15], SAT [7], prime factorization [9, 10], security [6], arithmetic operations
[5], Boolean algebra [8] are just few of the problems whose solution can be found
by using an optical device.

Here we show how to solve the Satisfiability (SAT) problem, which is an NP-
complete problem [2]. The underlying mechanism is to use delays for encoding
possible solutions. The problem was also attacked in [1] and in [15] in a different
manner: by using masks and filters for wavelengths.

The paper is organized as follows: Properties of the signal useful for our
research and the operations performed on that signal are described in section 2.
Section 3 contains a brief description of the problem. Section 4 deeply describe
the proposed device. Reconstructing the solution is described in section 5. A
short discussion of the weaknesses of this method is given in section 6. Section
7 concludes our paper.
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2 Delay-based systems

Two properties of signal are of great interest for our research. Most types of
signal that we know (light, sound, electric etc) have these properties.

e The speed of the signal has a limit. We can delay any signal by forcing it
to pass through a cable of a certain length.

e The signal can be easily divided into multiple signals of smaller inten-
sity /power.

The following manipulations of the signals are performed within the devices:

e When the signal passes through an arc it is delayed by the amount of time
assigned to that arc.

e When the signal passes through a node it is divided into a number of
signals equal to the out degree of that node. Every obtained signal is
directed toward one of the nodes connected to the current node. In this
way we add parallelism to our devices. This feature is actually the source
for a major drawback: due to repetitive divisions the strength of the signal
decreases exponentially and more and more powerful signals are required
for larger and larger instances of the problems.

3 The SAT problem

We have n Boolean variables (1, z2, ... ,x,) and m clauses of form (C =
xk V x;V ...), where a variable can also appear negated. We are asking to find
if there is an assignment for variables which satisfies a formula:
F=CiNCiN....Cp
In the first step we are not interested in finding the value of the variables.
Rather, we are interested in finding whether such assignment does exist. Only
in section 5 we will show how a solution can be reconstructed.

4 The device

Our device is represented as an incomplete matrix. On each column we have all
the variables (as they appear) inside a clause. Thus, we have a matrix with m
columns and max n elements on each row.

Example

Consider the formula:

F= (1’1 V o \/fg) A A TAN (Tg \/fg) A (CL’] \/f3)

We represent it as a matrix with 4 columns:

1 T1 T2 T1
T2 T3 T3
T3
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Next we have to design a device where the signal will flow. For this purpose
we do the followings:

e We place each element of this matrix in a Cartesian coordinates system.
e We connect each element with all elements from the next column.

o We also add 2 extra elements (nodes) called Start and Destination.

The device is represented in Figure 1.

Figure 1: Optical implementation for the SAT problem. On each column we
have a clause. On the left side we have the Start node and on the right side we
have the Destination node. Arcs connecting nodes have 0 delays

If we find a path that links Start with Destination and which does not con-
tain both the variable and its negation it means that the formula is satisfiable.
We call that path satisfiable path.

For our example, a satisfiable path is: Start,z1,x1, %2, x1, Destination.

The big challenge is to identify such path.

4.1 The delaying system

When solving the SAT problem with an optical system we assign delays to
elements of the graph. Those delays will accumulate as the signal traverse the
graph. At the end we will know that we had a solution only if we have received
a signal having a certain (precomputed) delay.

Here we assign some delays to nodes in order to easily recognize the satisfi-
able paths.

To arcs connecting nodes we assign a negligible delay (very small - or even
0) compared to all other delays assigned to nodes.

4.1.1 The first variable

Let us now focus on variable z; and its negation Z;.
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Delay Content of path Satisfiable?
0 neither x;, or T; appear YES
1 Ty YES
2 xr1 + 21 YES
3 r1+x1+ 21 YES
4 T YES
5 T+ 21 NO
6 T +x1+ 2 NO
7 Ty + a1 +x1 + 21 NO
8 T1+ 71 YES
9 T, +7T1+ 21 NO
10 T1+7T1+x1+211 NO
11 Not possible -

12 T1+7T1+7 YES
13 T1+7T1+21+2x1 NO
14 Not possible -

15 Not possible -

16 T1+T1+7T1+ 71 YES

Table 1: The delays. The Start and Destination have not been printed. Also,
other variables have not been displayed. Notpossible is because we have only 4
clauses, so the path cannot have more than 4 variables.

Suppose that we have a formula with 4 clauses. What are the minimal
numbers that we can assign as delays for x; and Z; in order to safely decide
that x; and its negation Z; do not (both) appear on a path from Start to
Destination?

For instance, if we assign a delay of 1 for z; and a delay of 2 for T; we get
some trouble recognizing if the path whose delay is 4 is satisfiable or not. In
this case, we can have a path containing 4 times z; (which is satisfiable) or a
path containing 2 times 7 and 1 time Z; (which is not satisfiable). Note that
(having 4 clauses) 1 can appear at most 4 times and Z; can appear at most (4
- number of appearances of z1) times.

Let’s try another arrangement: delay(xz;) = 1 and delay(T1) = 4. The
number of clauses is again 4.

The analysis of paths’ delay is given in Table 1.

If we are talking in the number of clauses (m) we have the following delays:
delay(x1) = 1 and delay(T1) = m. There is no problem if delay(T1) = m *
delay(x1) because we have only m clauses and we cannot have both m times x;
and 1 time Z;.

In Table 2 we have the generalized values from Table 1.

If we look to the values in Table 2 we can see that only some delays encode
a satisfiable path. More specific: only values 0...m, 2m, 3m, ... m? encode a
satifiable path. All other values encode either a path that is either not possible
(more than m variables on it) or is not satisfiable (contains both z; and Z).
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Delay Content of path Satisfiable?
0 neither x; or T; appear YES
l.m—1 x1 only YES

m T only YES
m-+1.2m—1 both T1 + x1 NO

2m 71 only YES
m*m only 7, YES

Table 2: The generalized delays (m is the number of clauses) for a single variable.
Some delays are not possible (for instance 3m — 1 - see Table 1 for an example.)

Having said that we have ended the discussion about the first variable.

4.1.2 The second variable

Let us move our attention to the next variable: zo. We cannot assign delays
less or equal to m? because this will lead to conflicts to the previous variable.
What we can do is to assign: delay(zs) = m? and delay(Z2) = m3 (obtained
with the same reasoning as in the case of the first variable).

In this case the delays encoding a satisfiable path are: m?2,2m?2,3m?2, ...,m3,

2m3,3m3, ..., m*.

4.1.3 The other variables

5

For the next variable (z3) we can assign: delay(z3) = m?* and delay(Z3) = m
(obtained with the same reasoning as in the case of the first variable).

In this case the delays encoding a satisfiable path are: m?,2m?,3m?, ..., m°,
2m5,3m?®, ..., mS.

For the k' variable we can assign: delay(zy) = m and delay(zy) =
m?#~1 (obtained with the same reasoning as in the case of the first variable).

In this case the delays encoding a satisfiable path are: m?*=2, 2m?+=2 3m2k-2

ey T 2Rl 32k =1 2k,

2k—2

4.1.4 Combining delays

The SAT formula is made up of clauses containing multiple variables (not only
single variables as we discussed so far in sections 4.1.1, 4.1.2 and 4.1.3).

What we have to do is to add the delays. If we take into account only
variables z1 and x5 (and their negation) we have to add each delay for variable
x1 (or its negation) to each delay for variable x5 (or its negation). In total
are 4m? moments when a signal traversing a satisfiable path arrives in the
destination.

We obtain the following moments when the signal traversing a satisfiable
path can arrive in the destination:

2

m=,
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m?+1, m?>+2, m2+3, m?>+m, m%+2m, m?2+2m, ... , 2m?2,
2m? 4+ 1, 2m? + 2, 2m2 + 3, 2m? + m, 2m? + 2m, 2m? + 2m, ... , 3m?,

m3+1, m3+2, m3+3, m3+m, m3+2m, m3+2m, ... , m3 +m?,

2m3, 2m3 + 1, 2m3 + 2, 2m3 + 3, 2m3 + m, 2m3 + 2m, 2m3 + 2m, ... |
2m3 + m2,
m*, m*+1, m*+2, m*+3, m*+m, m*+2m, m* +2m, ... , m* +m?2.

This set of delays is only for 2 variables (including their negation). For n
variable we would have (2m)™ possible moments for listening for a solution.

The main advantage is that these delays do not depend on the actual problem
to be solved. These delays do not take into account what literals we have in
each clause. This is very important because we can construct the arcs encoding
delays and time filters once and we can use them again and again for different
instances of the problem (with m clauses and n literals). This is a big advantage.

5 Reconstructing the solution

Once we have a satisfiable delay lets see how to reconstruct which variables are
inside it and what is their form (positive or negated).

First of all we discuss some special cases, where we have exactly delay of m
or m? or m® etc units.

For instance if we have a delay of exact m it means that we have exactly m
times x;. We cannot have a delay of exact m which contains Z; because the
path contains m nodes (excluding Start and Destination) and those nodes will
increase the delay to more than m (which is already induced by Z).

If the total delay is m3 it means that we have x5 m times. It cannot contain
To because the path must have other m — 1 nodes which will add more delay.

Thus, for the particular cases when the total delay is of form m2*~1, (1 < k <
n) we know exactly what nodes the satisfiable path contains. These particular
cases will be handled separately.

Lest see how we discover the content of the path for all other cases. First
we divide the delay by : m?" (this value corresponds to the delay of Z,, - being
the highest delay possible). We have 2 cases:

e If the quotient is 1 ... m it means that Z,, belongs to the path. It means
that variable z,, will be assigned value 0.

e If the quotient is 0 it means that ,, does not belong to the path.

Next we take the remainder of the previous division and we repeat the pro-
cess with delay corresponding to the previous variable. The order is T,, z,,
Tp_1, Tp_1, ... T1, 1. If the quotient is greater than 0, it means that the
variable (positive or negated) belongs to the path. We assign a value to the
variable based on the form in which has appeared (0 if negated, 1 if positive). If
a variable has not appeared in the path, it can take any value (0 or 1) because
this has no influence over the value of formula F' from section 3.
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Weaknesses

The proposed device has some weaknesses:

e it contains exponential delays,
e it requires time-filters for events that appear in time,

e the number of possible moments when a solution can appear is exponential
in the number of clauses. This is different from other problems (see [12])
where only one moment was enough for detecting the solution,

e no proof yet for the optimality of the delay system. Are shorter delays
possible ?

7 Conclusion
We have shown how SAT can be solved with an optical device.
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